We solve for optimal consumption and portfolio choice in a life-cycle model with shortsales and borrowing constraints, undiversi…able labor income risk and a predictable, timevarying, equity premium. The investor pursues aggressive market timing strategies, and quantitatively substantial hedging demands are found for risk averse investors, despite the presence of frequently binding liquidity constraints. Importantly, in the presence of stock market predictability, the model casts doubt on the conventional …nancial advice that households should reduce their exposure to the stockmarket as they approach retirement. JEL Classi…cation: E21, G11.
Introduction
How does the presence of stock market predictability, undiversi…able labor income risk and liquidity constraints a¤ect optimal consumption and portfolio choice for a stockholder over the life cycle? Various papers have analyzed the implications of stock market predictability 1 for consumption and/or portfolio choice while ignoring labor income risk; Kim and Omberg (1996) , Brennan, Schwartz and Lagnado (1997) , Brandt (1999) , Campbell and Viceira (1999), Balduzzi and Lynch (1999) , Barberis (2000) , Campbell et. al. (2002 Campbell et. al. ( , 2003 and Wachter (2002) show that stock market exposure varies substantially as a response to the predictive factor(s). The e¤ect of background labor income risk on portfolio choice while ignoring stock market predictability has been analyzed numerically by Heaton and Lucas (1996, 1997, 2000) , Gomes and Michaelides (2005) , Cocco, Gomes and Maenhout (2005) , Haliassos and Michaelides (2003) and analytically by Viceira (2001) . This paper jointly models stock market predictability and non-diversi…able background labor income risk and analyzes the normative implications for optimal consumption and portfolio choice over the life cycle.
A potentially binding liquidity constraint in both the risky and riskless asset markets is an important component of the current model for a number of reasons. First, in the absence of borrowing restrictions, households with long horizons facing nontradable labor income risk that is only weakly correlated with stock returns would borrow to invest in the stock market, given the equity premium (Viceira, 2001) . 2 This theoretical prediction would not only contradict directly the observed zero stockholding puzzle (Mankiw and Zeldes, 1991, and Bertaut, 1995) but would make the equity premium puzzle even harder to resolve as demand for the risky asset would rise relative to a model with borrowing constraints. Second, a recent literature on portfolio selection has stressed the importance of borrowing and short sales constraints in understanding observed portfolio choice patterns. Cocco, Gomes and Maenhout (2005) , for instance, solve numerically a model with short sales and borrowing constraints over the life cycle in the presence of undiversi…able labor income risk and show that households should invest a larger proportion of their savings in the stock market when young because the future labor income they will receive (against which they cannot borrow) acts as a risk free asset that crowds out the accumulation of riskless assets 3 . This prediction resembles the advice given by …nancial planning consultants in recommending lifestyle funds that reduce exposure to stocks as retirement approaches.
Finally, the presence of borrowing constraints is an important component of the bu¤er stock saving model (Deaton (1991) and Carroll (1997) ) that has been proposed as the leading alternative to the classic Permanent Income Hypothesis (PIH) or Life Cycle model in an e¤ort to explain the observed "excess smoothness" 4 and "excess sensitivity"puzzles. 5 The second important component of the model is undiversi…able labor income risk. In related papers, Barberis (2000) and Campbell et. al. (2002) analyze the portfolio choice implications of stock market predictability but in the absence of consumption choice and labor income risk. The bu¤er stock saving literature (Deaton (1991) and Carroll (1997) , for instance) has shown, however, that nontradable labor income risk is an important factor that must be taken into account by households making optimal savings plans. The importance of undiversi…able labor income risk has also been stressed by Viceira (2001) , who has shown that higher nontradable labor income risk can a¤ect positively the level of savings through a precautionary savings channel and negatively the share of savings invested in the risky asset through a temperance channel (Gollier and Pratt (1996) ). Integrating stock market predictability with labor income risk in a single model can potentially yield further insights on the e¤ects of both labor income risk and predictability on optimal consumption and portfolio choice. Koijen, Nijman and Werker (2009) focus on the e¤ects of bond risk premia predictability on optimal life cycle asset allocation. Brennan and Xia (2002) instead focus on the e¤ects of in ‡ation on dynamic asset allocation. We di¤er from all papers by introducing Epstein-Zin (1989) and Weil (1990) preferences in an explicit life-cycle setting with a factor predicting stock returns, so that stock market mean reversion exists in the model. Taking the extreme (but instructive) view that there is no uncertainty about the model predicting stock returns, we focus on emphasizing the di¤erences between the i.i.d. stock returns model and the one with stock market predictability. We use the stockholder preference speci…cation in Gomes and Michaelides (2005) that matches some of the stockholder wealth data in the Survey of Consumer Finances (SCF). The i.i.d. stock returns model arises as a special case in our setup and this allows us to quantitatively evaluate hedging demands by comparing the mean reversion with the i.i.d. stock returns model.
We rely on numerical techniques and calibration to draw out the implications of the model for optimal consumption and portfolio choice. Optimal consumption is shown to be a concave function of liquid wealth and has a similar shape to that found in the bu¤er stock saving literature. Furthermore, for plausible parameters of the coe¢ cient of relative risk aversion, stock market predictability generates a speculative increase in savings when the excess return of stocks over the riskless asset is expected to be high and conversely a decrease in savings when the excess stock return is expected to be low. On the other hand, changing the correlation structure between the di¤erent innovations (stock return, factor predicting returns or labor income) does not substantially a¤ect total savings.
With regards to portfolio choice, the consumer/investor is shown to be an aggressive market timer in the presence of stock market predictability. Relative to the i.i.d. returns model, high expected future returns generate a higher allocation of stocks in the portfolio for a given level of saving (when constraints are not binding), while low expected future returns decrease the exposure in the stock market and can cause complete portfolio specialization in the riskless asset. This translates to large variations over the life cycle depending on the realization of the factor rather than the level of …nancial wealth. This result substantially alters one of the main insights of life-cycle models with i.i.d. stock returns, namely that …nancial wealth tends to be the main predictor of life-cycle portfolio choice. With stock market predictability, the persistent factor predicting returns can take center stage and outweigh the e¤ect of …nancial wealth on portfolio choice. Average life-cycle asset allocation pro…les hover around 50% of …nancial wealth, re ‡ecting the oscillation between the extreme bounds of the liquidity constraints (zero and full investments in the stock market). Aggressive market timing behavior is similar to the behavior predicted in Brennan, Schwartz and Lagnado (1997) and Barberis (2000) , models that do not feature undiversi…able labor income uncertainty.
Hedging demands are evaluated by comparing average life cycle asset allocation choices in the mean reversion model relative to the i.i.d. stock returns model. Interestingly, when there is no negative correlation between the innovation in the predictability factor and the stock return innovation, the average portfolio shares become almost identical to the i.i.d. model. This is an interesting …nding because there is a substantial number of factors used to predict stock returns, yet not all of them have this negative correlation in common. In contrast, in the baseline factor model that features a correlation equal to 0:8, there is a substantial divergence of average life cycle portfolios between the i.i.d. and mean reversion model.
The positive correlation between permanent earnings shocks and the stock market innovation also generates substantial hedging demands when that correlation matters, namely in the working part of the life cycle. This occurs when that correlation is increased from 0:15 to 0:5, an increase that is not unrealistic given the recent empirical evidence by Bonaparte, Korniotis and Kumar (2014) who …nd that the distribution of this correlation can vary up to 0:6 for certain households. Changing the correlation between the permanent labor income shock and the factor innovation (from zero to 0:15) also generates a substantial change in average portfolio allocations over the lifecycle: these changes are quite substantial given the focus on computing average changes over the life cycle. What does the model imply about lifestyle funds? The average life cycle asset allocation pro…le for the mean reversion model is around 0:5 and does not feature any resemblance to lifestyle funds. This average pro…le masks substantial underlying heterogeneity, however, with investors almost always found between a full or a zero asset allocation in stocks based on the realization of the factor. Given the strong persistence of the factor, initial realizations of the factor (even in the early part of the life cycle) can determine allocations for many periods into the future. This can generate average portfolio shares that might be rising over the life cycle, contrary to popular …nancial advice (and what the i.i.d. model predicts) that households should reduce their exposure to the stock market as retirement approaches. This …nding casts some doubt on the idea that lifestyle funds are always and everywhere optimal for all types of investors, all investor expectations and all market conditions. The paper is organized as follows. Section 2 describes the theoretical model, outlines the numerical solution algorithm and discusses the parameter choices for the calibration. 
The Model
Time is discrete, there is one non-durable good, one riskless …nancial asset and a risky time varying investment opportunity. The riskless asset yields a constant gross after tax real return, R f , while the gross real return on the risky asset is denoted by f R: At time t; the agent enters the period with invested wealth in the stock market S t 1 and the bond market B t 1 and receives Y t units of the non-durable good. Following Deaton (1991) , cash on hand
The investor then chooses savings in the bond (B t ) and stock (S t ) market to maximize welfare. The particular assumptions made about the economic environment are as follows:
Preferences
Preferences separate the elasticity of intertemporal substitution from risk aversion as in Epstein and Zin (1989) and Weil (1990) . Speci…cally, they are given by
conditional probability of surviving next period conditional on having survived until period t is given by p t+1 :
Labor Income Process
Following a relatively standard speci…cation in the literature (as used by Cocco, Gomes and Maenhout (2005), for example), the labor income process before retirement is given by
is a deterministic function of age and household characteristics Z it , Y p it is a permanent component with innovation N it , and U it a transitory component of labor income, where ln U it and ln N it are independent and identically distributed with mean f :5 2 u ; :5 2 n g, and variances 2 u and 2 n , respectively. The log of Y p it evolves as a random walk with a deterministic drift, f (t; Z it ). For simplicity, retirement is assumed to be exogenous and deterministic, with all households retiring in time period K, corresponding to age 65 (K = 46). Earnings in retirement (t > K) are given by Y it = Y p iK ; where is the replacement ratio ( = 0:68).
Durable goods, and in particular housing, can provide an incentive for higher spending early in life. We exogenously subtract a fraction of labor income every year allocated to durables (housing). This empirical process is taken from Gomes and Michaelides (2005) and is based on Panel Study Income Dynamics (PSID) data.
Liquidity Constraints
Borrowing and short sales of stocks are not allowed. Speci…cally, B t = 0 and S t = 0 as has been assumed in the recent life cycle literature to avoid the counterfactual implication that households in the model lever up to invest in the stock market.
Mean Reversion
We follow Campbell and Viceira (1999) in assuming that there is a single factor that can predict future excess returns. Letting fr f ; r t g denote the net risk free rate and the net stock market return respectively and f t the factor that predicts future excess returns, we have
where the two innovations fz t+1 ; " t+1 g are i.i.d. Normal random variables with mean equal to zero and variances 2 z and 2 " , respectively. Contemporaneous correlation between these innovations is allowed, while correlation between the permanent earnings innovation (ln N t ) and fz t ; " t g can also exist. Mean reversion in the stock market is captured by the autoregressive nature of the factor (f t ) predicting stock market returns ( > 0): Negative correlation between the excess stock market return innovation (z t+1 ) and the innovation to the factor (" t+1 ) is documented by Campbell and Viceira (1999) . One of the key contributions of the paper is to understand how changing these correlations a¤ects saving and portfolio choice decisions over the life cycle.
We will also be reporting results from a model with i.i.d. excess returns; in that case r t+1 r f = +z t+1 : In order for the i.i.d. model to be comparable to the factor model, the …rst two unconditional moments of returns are set to be equal in both cases. This speci…cation of the model is the one found in recent papers with either CRRA preferences (Cocco, Gomes and Maenhout (2005)) or Epstein-Zin-Weil preferences (Gomes and Michaelides (2005) 
or
Cooper and Zhu (2014)).
Normalized Value Function
The unit root process for labor income is convenient because it allows the normalization of the problem by the permanent component of labor income (Y p it ). Letting lower case letters denote variables normalized by the permanent component of labor income (Y p it ); the evolution of the single endogenous state variable is then given by
Letting v j it V it =Y p it be the normalized value of individual i at age t, the representation of consumer preferences in terms of stationary (normalized) units is then given by:
The continuous state is x it (normalized cash on hand) and its evolution is given by (5) . Hussey (1991) approximation procedure for a vector autoregression. Numerically, this proves to be a substantial challenge because of the strong persistence in the factor f t that requires a substantial number of grid points to retrieve the posited parameters with the desired accuracy. The appendix provides a detailed discussion of the choices made to satisfy a reasonable computational speed-accuracy tradeo¤ without having to resort to a supercomputer for the solution. The baseline preference speci…cation is taken to capture the observed behavior of stockholders. Gomes and Michaelides (2005) argue that this is well achieved when using a discount factor ( ) equal to 0.95, a coe¢ cient of relative risk aversion ( ) equal to 5, and an elasticity of intertemporal substitution ( ) equal to 0:5. These choices are consistent with the empirical estimates for the elasticity of intertemporal substitution in Vissing-Jorgensen (2002) and the empirical preference parameter estimates in Gomes, Michaelides and Polkovnichenko (2009). The bequest parameter is set to 2:5 to capture the empirical observation that few rich stockholders die with zero …nancial assets. To understand the implications of the model, we then present results by changing the preference parameters sequentially to = f2; 8g and = f0:2; 0:8g:
Parameter Choice
The parameters describing the evolution of stock market returns are selected mostly from Campbell and Viceira (1999) . We use numbers roughly corresponding to their estimates but it should be noted that no estimate of the correlation between the innovation in the factor predicting stock returns and permanent, idiosyncratic earnings shocks ( n;" ) exists in the literature. Moreover, given that there are three correlations to be calibrated ( z;" ; n;" and n;z ), there is a constraint that needs to be satis…ed by these correlations so that the variancecovariance matrix of these innovations is positive de…nite. Campbell and Viceira (1999) estimate z;" to equal 0:91; while Davis, Kubler and Willen (2006) use previous estimates of n;" that can vary between 0:2 and 0:3 over di¤erent occupation and education groups.
Angerer and Lam (2009) note that the transitory correlation between stock returns and labor income shocks does not empirically a¤ect portfolios and this is consistent with simulation results in life cycle models (Cocco, Gomes and Maenhout, 2005, for instance). We therefore set the correlation between transitory labor income shocks and stock returns equal to zero.
The baseline correlation between permanent labor income shocks and stock returns is set equal to 0:15, consistent with the mean estimates in most empirical work (Campbell et. al. (2002) for example), but this can vary and be higher across heterogeneous occupations (Angerer and Lam (2009) ) and workers (Bonaparte, Korniotis and Kumar (2014) ). In order to implement a range of comparative statics exercises, we set z;" to 0:8 so that n;" and n;z can be varied between zero and 0:5 while respecting the constraint posed by the positive de…niteness of the variance covariance matrix. The unconditional stock market volatility is given by the unconditional standard deviation of stock returns and is set equal to 0.18. The benchmark parameters for the generation of stock market returns are, therefore, = :04; = :91; 2 z = 0:18 2 2 f ; 2 " = :000034; z;" = 0:8; n;" = 0:0; n;z = 0:15: Hedging demands will be evaluated by varying the correlations and also by comparing this model to the special case of the i.i.d. model ( = 0:0 and " = 0:0):
Optimal Consumption and Portfolio Choice

Consumption and Portfolio Choices in Baseline Model
The consumption policy functions for ages 25, 55 and 75 are plotted in …gure 1 (top row). A few observations can be made about the shape of the policy functions. First, the consumption policy rule has the familiar shape from the bu¤er stock saving literature without risky asset choice (Deaton (1991) and Carroll (1997) ); below a cuto¤ point x no saving takes place, while the marginal propensity to consume falls quickly beyond x . Second, a low current factor realization signifying higher future stock returns induces an increase in saving to take advantage of more favorable future investment opportunities, while a very high factor realization makes saving less desirable and induces an increase in consumption over the relevant parts of the cash on hand state space (below around 5 units of normalized cash on hand).
The portfolio policy functions for ages 25, 55 and 75 are plotted in …gure 1 (bottom row).
For the higher factor realizations that predict a one-period ahead stock market return that is lower than the risk free rate, the policy rule does not change; the investor wishes to short the stock market, the short selling constraint becomes binding and all saving is allocated in the riskless asset market. For intermediate factor realizations (like the median factor plotted in the Figure) , there is a co-existence between bonds and stocks in the …nancial portfolios.
For the lower factors, the investor wants to borrow to invest in the stock market. Given that no borrowing is allowed, all savings is allocated in the stock market and the share of wealth in stocks is one hundred percent, the maximum possible limit.
The optimal portfolio choice policy rule is of the yo-yo type for most factor realizations.
Speci…cally, either the investor is fully invested in the stock market or does not participate at all in the stock market. This type of policy rule has an interesting implication; for the factors that generate positive stock holdings, the share of wealth invested in the stock market very often stays the same as in the i.i.d. model due to the presence of the binding borrowing constraint. Moreover, the factor can determine an exit from the stock market regardless of the level of …nancial wealth, indicating a break from the i.i.d. returns model that provides a tight link between wealth levels and portfolio choices. The fact that the average share of wealth in stocks is never close to one might be surprising given the results in the i.i.d. version of the model where the share of wealth in stocks is close to, or equal to, one. This arises here because we are simulating based on di¤erent initial realizations of the factor and then averaging over them many di¤erent times. For most of these factors, as the policy functions have illustrated, the investor either invests zero or 100% of their …nancial wealth in stocks. Moreover, these factors are persistent, and therefore the share of wealth in stocks remains at these levels for substantial parts of the life cycle.
Averaging over these experiences generates the average share of wealth in stocks depicted in 
Consumption and Portfolio Choices for di¤erent preference speci…cations
There are two main preference parameters that are important in this setup: the risk aversion coe¢ cient ( ) and the elasticity of intertemporal substitution ( ). The two columns in Figure   3 plot the consumption policy functions for ages 25, 55 and 75 evaluated at the median factor.
The …rst column keeps risk aversion ( ) constant and varies the elasticity of intertemporal substitution ( ) from 0.2 to 0.5 (baseline) and to 0.8. The second column does the reverse by keeping the elasticity of intertemporal substitution constant at and increasing the risk aversion coe¢ cient from = 2 to = 5 (baseline) and to = 8: For a given risk aversion coe¢ cient, Figure 3 shows that a higher elasticity of intertemporal substitution increases saving. This is as expected since the response of saving to the intertemporal elasticity of substitution depends on the di¤erence between the (endogenous) expected return on the stock market and the discount rate. For the median factor this di¤erence is positive and therefore generates higher saving from higher intertemporal substitution (as noted in Campbell and Viceira (1999) and Gomes and Michaelides (2005) ). The precautionary saving e¤ect from a higher risk aversion on the right column is also well understood and as expected. Figure 4 depicts the counterpart of …gure 3 but for the share of wealth in stocks invested in the stock market and evaluated at the median factor for ages 25, 55 an 75. The main lessons from these graphs is that the risk aversion has a larger e¤ect on portfolio allocations than the elasticity of intertemporal substitution. Figure 5 performs the simulations associated with these policy functions. As anticipated from the policy function discussion, a higher elasticity of intertemporal substitution, for a given risk aversion coe¢ cient, increases wealth accumulation. As a result, there is a lower average allocation in the stock market (…gure 5 panel C) due to the standard intuition of the lower implicit value of human capital in this model when wealth accumulation is higher. This is not completely monotonic here, however, since the averaging over di¤erent factors might generate some non-monotonicities (as in the early part of the life cycle). Changing risk aversion also a¤ects wealth accumulation in expected ways and generates safer portfolios, as expected from the policy function discussion.
The E¤ect of Stock Market Mean Reversion
How does the presence of a factor predicting returns a¤ect saving and portfolio choice behavior relative to the i.i.d. model? This is one fundamental question that needs to be addressed in the context of this setup.
The saving e¤ects are not substantial even though there is a slight increase in saving for the low factors that predict high stock returns for a substantial range of cash on hand. The di¤erences between the i.i.d. model and the lowest factor are not substantial and therefore we focus our attention on the share of wealth in stocks that is more substantially a¤ected by the factor. The policy functions for the share of wealth in stocks illustrate the large dependence of portfolios on the factor ( Figure 6 for ages 25, 55 and 75 (Panels A, B and C, respectively). Portfolios can shift from zero to one and vice versa depending on factor realizations, something that does not happen in the i.i.d. model which has a more stable share of wealth in stocks. The median factor tends to generate a more balanced allocation between bonds and stocks and is closer to the i.i.d. case. The policy function illustrates clearly that portfolio allocations will be a lot more volatile in the mean reversion than in the i.i.d. model. the presence of the factor that can shift the share of wealth in stocks between zero and one, on average the share of wealth in stocks is around one half, whereas in the i.i.d. model the share of wealth in stocks is 100%. Given the equity premium, the expected porftolio return in the i.i.d. model is higher and therefore total wealth accumulation is higher in the i.i.d.
model than in the model with predictability.
The e¤ect of the factor on portfolios can be more clearly seen by tracking certain simulations starting from di¤erent initial factor realizations. Figure 8 depicts the pictures for the lowest (ft=1), sixth, tenth and highest (ft=15) factor over the life cycle. For the lowest factor that predicts higher returns in the future the share of wealth in stocks starts at 100%.
For the lowest factor it starts at zero investments in the stock market. Because the factor is persistent, it takes a substantial amount of time for a change to happen: when it does the portfolio moves very quickly from one to zero and vice versa. This illustrates the bangbang movement in the share of wealth in stocks, reminiscent of the allocations in Brennan, Schwartz and Lagnado (1997).
Hedging Demands
How do these results change when the correlations between the di¤erent innovations vary?
Changing correlations generate naturally hedging demands and the model is able to quantitatively assess the magnitude of these demands.
Variation in Correlations
Negative correlation between the stock market innovation and the factor innovation gives rise to a type of hedging demand arising from a deterioration of future investment opportunities when current stock market returns are high (Merton, 1973) . This hedging demand di¤ers from market timing since the former arises as protection from unfavorable shifts in the investment opportunity set, re ‡ecting an attempt to minimize (unanticipated) consumption variability. On the other hand, market timing demand arises from the desire to take advantage of current information regarding future returns. To investigate the importance of hedging demand due to z;" , the correlation between the factor and the stock market innovation z;" is set equal to zero. It is perhaps useful to point out that even though a lot of forecasting variables that have stock market prices in the denominator generate a strongly negative magnitude for this correlation empirically (justifying the calibration of this parameter to equal 0:8 in the benchmark case), other non-price based forecasting variables need not generate such a prediction. For instance, using the consumption-asset-income variable constructed by Lettau and Ludvigson (2001) , one …nds that this correlation is insigni…cant from zero. This correlation might change, therefore, depending on the investor's preferred model. Setting it to zero is an extreme change that will be useful in assessing the possible range of hedging demands that might be generated from varying this parameter.
We also evaluate hedging demands when changing the correlation between permanent earnings shocks and stock market innovations ( z;n ) and the correlation between the factor innovation and the permanent labor income shock ( n;" ). For the former, there are some empirical estimates o¤ered by Davis, Kubler and Willen (2006) and more recently by Bonaparte, Korniotis and Kumar (2014) who …nd that this correlation can vary for di¤erent households from 0:6 to 0:6 and therefore can have a substantial e¤ect on portfolio decisions depending on its value. Bagliano, Fugazza and Nicodano (2014) also emphasize this correlation in combination with uncertainty about retirement pensions replacement rates which can have a similar e¤ect across heterogeneous workers, while Angerer and Lam (2009) estimate correlations that can be higher than 0.15 among di¤erent occupations. In our baseline model we use 0:15 for this correlation, a value that re ‡ects the substantial idiosyncratic risk that exists in labor income data. Nevertheless, one cannot deny that there are some households for whom this correlation is substantially higher. We therefore use 0:5 to investigate how our results change.
There is no known empirical estimate for n;" in the literature. There are potentially some a priori reasons to expect it not to be statistically di¤erent from zero since earnings shocks at the household level have a large idiosyncratic variance component, yet the component of this variance that can be attributed to aggregate shocks is generally quite small (Pischke, 1995, for instance). Nevertheless, we consider the potential e¤ects of this parameter by increasing it to a high enough bound that can simultaneously maintain the positive de…niteness of the variance covariance matrix given the other chosen parameters. We therefore use n;" = 0:15 for this parameter in our comparative statics results.
The wealth accumulation and mean shares of wealth in stocks over the life cycle are depicted in Figure 9 , Panel A and Figure 9 , Panel B, respectively. We note that both wealth accumulation and portfolio shares are substantially a¤ected over the life cycle. The most dramatic e¤ect arises when the correlation between the factor and the stock return innovation is set to zero ( z;" = 0). In this instance, the share of wealth in stocks becomes very similar to the i.i.d. model illustrating the importance of this correlation in the model.
As a result of the higher asset allocation in stocks almost throughout the life cycle, and the lack of correlation between the factor innovation and stock returns, the wealth accumulation is now substantially higher than in the benchmark model. Since this wealth accumulation divergence takes a while to show up (it takes place beyond age 35) we can infer that this e¤ect is driven by the higher expected equity return from the higher asset allocation in stocks.
Increasing the correlation between permanent labor income shocks and stock returns
reduces the share of wealth in stocks, especially in the early part of the life cycle when these shocks are more permanent in the sense that they a¤ect labor income over many more periods (Figure 9, Panel B) . The higher wealth accumulation from the early part of the lifecycle shows that there is a slightly higher saving when the correlation between permament earnings shocks and stock returns increases, leading to a slightly higher wealth accumulation by retirement.
Finally, the positive correlation between the factor innovation and the permanent income shock tends to increase the share of wealth in stocks. This is explained by the lower wealth accumulation (Figure 9 , Panel A) that re ‡ects a higher consumption policy function early in life when this correlation is positive. The lower wealth accumulation translates to a higher average share of wealth in stocks as riskless assets in the form of human capital are now a lower percentage of total accumulated wealth. In this section we evaluate how important this intuition might be. We start a simulation from the beginning of life but assume di¤erent initial realizations of the factor. As we have seen before, this implies that households faced with the low factor (predicting higher future stock returns) should be fully invested in the stock market while households faced with a high factor (predicting low future stock returns) should not invest anything in the stock market.
Evaluating hedging demands
Because the factor is persistent, it will take time before these initial decisions get reversed. where the initial realization of the factor occurs in the beginning of the life cycle. Figure 12, Panel B, illustrates that such hedging demands can be substantial and the persistent nature of the factor can generate changes relative to the i.i.d. case that might last up to thirty years.
Given that most households will probably start actively participating in the stock market at some later point in their life cycle, we interpret these results as casting substantial doubt on the conventional wisdom that lifestyle funds are optimal all the time and for all households.
Conclusion
In the presence of stock market predictability, undiversi…able labor income risk and exogenously imposed liquidity constraints, the consumption policy rule has a similar shape with consumption functions derived in the bu¤er stock saving literature. Speci…cally, the consumption function is concave with a marginal propensity to consume out of liquid wealth equal to one for low levels of liquid wealth but with the marginal propensity falling very quickly beyond a certain consumption level. Nevertheless, stock market predictability generates one important quantitative di¤erence on the optimal level of saving, conditional on the factor realization. Speci…cally, high future expected stock returns generate an increase in the speculative demand for saving while low future expected stock returns generate a decrease in saving.
Optimal portfolio choice is shown to be heavily dependent on the realization of the factor predicting future returns. Consistent with Barberis (2000) and Brennan, Schwartz and Lagnado (1997) who study a similar problem without labor income, stock market predictability implies that portfolio holdings will very often be either completely allocated in the stock market or in the riskless asset market when no borrowing and no short selling are allowed.
Hedging demands can be substantial over the life cycle and doubts can be cast on the conventional wisdom that lifestyle funds that require a lower allocation to stocks as retirement approaches are always optimal.
A Appendix
A.1 Accurately approximating a VAR There are four exogenous variables that need to be discretized to compute expectations.
The four variables are the exogenous factor predicting returns (f t ), the stock market return (r t ), the innovation to the permanent component of labor income (ln N it ) and the innovation to the transitory component of labor income (ln U it ). The factor that predicts future stock returns, f t+1 ; follows the AR(1) process (4) . The quadrature methods proposed by Tauchen and Hussey (1991) are used to compute expectations numerically after stacking all four exogenous variables in a vector autoregression of order 1. The method allows us to use arbitrary correlations through a Choleski decomposition approach as in Burnside (1999) .
A key methodological innovation in the paper is to determine the number of quadrature points needed to accurately capture the dynamics of the VAR without causing a computational intractability as the problem su¤ers from the curse of dimensionality. We report extensive experiments with the Tauchen-Hussey parameterization when there are four different variables. The …rst variable (f t ) is the factor predicting stock market returns and that is the main exogenous, persistent factor that needs to be well approximated. The stock market returns (r t ) is the second variable. We add the two other labor income variables to this VAR, even though they are not persistent, because we will investigate how changing correlations between these variables a¤ects hedging demands. Adding them as part of the VAR can help us ascertain what number of grid points is required for the numerical accuracy of the discretization to be acceptable (there will always be an accuracy -computational time trade o¤ in this work). The log of the innovation to the permanent income component of labor income is ln(N t ) and the log of the transitory labor income shock innovation is ln(U t ).
We start with the following VAR model: To test the accuracy of the approximation method, we simulate based on a Tauchen-Hussey discretization for a given number of grid points. We simulate based on this discretization and then perform a Monte Carlo analysis to investigate how close the estimated parameters are to the actual parameters. Speci…cally, we generate 100 simulation paths over 52,000 periods. In each simulation, the …rst 2000 periods are discarded. The VAR is then estimated and the coe¢ cients averaged over the 100 trials and reported below. The numbers in parentheses are the standard deviations of the reported coe¢ cients.
Experiment 1:
The number of grid points for f t is 10, the number of grid points for r t is 20, the number of grid points for ln(N t ) is 5 and the number of grid points for ln(U t ) is 3. The average is 0.00036.
We can see that the estimations of A1 2 and A2 21 are not accurate. We infer from this result that we can improve accuracy by increasing the number of grid of r t . This leads to experiment 2.
Experiment 2: Relative to experiment 1, the number of grid points for r t is 30. The average is 0.0004375.
This does not improve accuracy. Since r t is closely related to f t , we then increase the number of grid points of f t . The average is 0.0004397.
The higher number of grid points of f t increases the estimation accuracy for A1 2 and . The average is 0.0000031.
M SE of elements of A2: The average is 0.00043.
We conclude from these results that accuracy does not increase too much compared to experiment 3 (the MSEs are almost identical) and therefore start using 15 gridpoints for f t .
Experiment 5:
The number of grid points for f t is 15, the number of grid points for r t is 25, the number of grid points for ln(N t ) is 5 and the number of points ln(U t ) for is 3.
A1 =
information we have the following problem
while jk is the probability that the factor moves from the current period value of f j to the next period value equal to f k . The other probability is 0 and denotes the probabilities for next period's labor income shocks (U; N ) and stock returns (R). We discretize the state variable x by dividing it into 251 grid points, with a larger number of grid points for low levels of cash on hand. We use a grid search approach to maximize backwards the value function and obtain the optimal policy functions.
From the Bellman equation the optimal decisions are given as current utility plus the discounted expected continuation value (E t v j t+1 (:)), which we can compute since we have just obtained v j t+1 . The VAR approximation discussed previously is used to compute expected values and value function interpolation is done with cubic splines.
A.3 Simulation
After policy functions are computed we perform a simulation based on 500 individual life histories that are averaged over 200 simulated factor draws.
[50] Vissing-Jorgensen, Annette, 2002, "Limited Asset Market Participation and the Elastic- Cochrane (1999)). 2 Viceira (2001) rigorously veri…es the popular advice in the …nancial management industry that higher exposure in the stock market be taken during working life with a shift towards safe assets after retirement.
It is perhaps useful to recall that the in…nite horizon models of portfolio choice (Merton 1969 , 1971 and Samuelson 1969 ) that assume fully tradable human capital and a constant investment opportunity set, predict that the share of wealth invested in the risky asset should be constant. 
